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Integration

Improper Integrals

Example

Compute j x2dx
1

Example

Compute J- xldx
1

Example

Compute J- e dx
0
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Integration

Partial Fractions

Example
Write m as partial fractions
1 A B
(x+5)(x+4):x+5+x+4
= 1 =A(x+4)+B(x+5)
x=-4: 1=A((-4)+4)+B((-4)+5)
=0-A+B
= B=1
x=-5 1=A((-5)+4)+B((-5)+5)
=-A+0-B
= A=-1
1 1 1
- (x+5)(x+4):x+4_x+5
Example
Write m as partial fractions
1 A Bx+C
(x+2)(x—1)2_x+2+(x—1)2
A N B N C’
x+2 x-1 (x-1)2
= 1=A(x-1)2+B(x—-1)(x+2)+C'(x +2)
x=-2: 1=A((-2)-1)2+B((-2)-1)((-2) +2)+ C'((-2) + 2)
=9A
= A:l
9
x=1 1=A(1-1)2+B(1-1)1+2)+C'(1+2)
, 1
= C :5
x=0: 1=A(-1)2+B(-1)(2)+ C'(2)
= _1 5p,2
9 3
= B:—l
9
-~ 1 1 B 1 1
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Example

Write

3x2-3x-2
(x=1)(x-2)

as partial fractions

3x2-3x-2  3(x—1)(x—2)+6x—8

(x=1)(x-2) (x—1)(x-2)
6x—38
= G DE-2)
Suppose 6x—8 _ A N B
(x=1)(x-2) x-1 x-2
= 6x—-8=A(x—-2)+B(x-1)
x=2 4=8B
x=1 -2=-A
. 3x2—3x—2:3+i+i
(x=1)(x-2) x—-1 x-2

Example

Write

x2+5x+7
(x+1)3

as partial fractions

X2 45x+7  (x+1)2+3x+7

(x+1)3 (x+1)3
1 3x+7
= +—
x+1  (x+1)3

1 3(x+1)+4
= +
x+1 (x+1)3
1 N 3 N 4
x+1  (x+1)2  (x+1)3
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Example
1
Write ————— as partial fractions
x2-2x-1
1 1
X2 =2x=1 (x—(1+2))(x-(1-V2))
___ A B
x—(1+v2) x-(1-v2)
= 1=A(x—(1—\/§))+B(x—(1+\/§))
x=1-V2: 1=B((1-V2)-(1+V2))
N 1= B(-2V2)
V2
B=--=
- 1
x=1+V2: 1=A(1+V2-(1-V2))
- 1=A(2V2)
V2
A=—Z
- 1
. 1 V2 1 1
x2-2x-1 4 \x—(1+v2) x—(1-2)
Example
Write — as partial fractions
x> =1
+—— t
-1 (x=1)(x2+x+1)
A Bx+C
= +
x-1 x?+x+1
= 1=A(x*>+x+1)+(Bx+C)(x—1)
x:l: 1:3A
1
= = —
3
x=0: 1:l_c
3
2
= = ——
3
x=-1 1=A+(-B+C)(-2)
= 1:—+ZB+é
3 3
= B:—l
3
1 1 x+2
=

-1 3(x-1) 3(x2+x+1)
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Graph Sketching of Rational Functions

Example
1
X

Sketchy:x+}—candy:x—
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Example

Sketch y =

1+ x2

1. What are the turning points on this curve?

2. What are the points of inflection? How do we know they have them? [Without calcuation!]
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Example

2
Sketch y = i

1+ x2

Integration

1. What are the turning points on this curve?

2. What are the points of inflection? How do we know they have them? [Without calcuation!]
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Example
2 _4x+3
Sketch y = R A
x?2—6x+10

Notice that x> —4x + 3 = (x — 3)(x — 1) and the denominator is always positive. (x —3)* + 1.

1-v5 I+\F5:|

Also recall from back when we were studying inequalities, y € [ )

y

N
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Uses of Partial Fractions

Integration

Example

Integrate J3 de
Bt | -2 +1)

=
Il

=
I
Lty =20 -

U

[

x+1 A Bx+C

G-1)2+1) x-1 x+1
x+1=A(x*>+1)+(Bx+C)(x—1)

2=2A
A=1
1=A+C(-1)
C=0
x+1=x>+1+Bx(x—1)
B=-1

x+1 301 X
1)(x2+1)dxzf2 (m_x2+1)dx
:[ln(x—l)—%ln(szrl)]

1 1
=In2-ZIn(10)+ 7 In(5)

=
x=4:
=
x=0:
=

:ln2—lln2
2
1
=—1n2
2
Example
2 2
X%+ X
Int t —  d
negmeL -4+ 4"
x2+x A  Bx+C

= +
(x—4)(x2+4) x-4 x2+4

x2+x=A(x*+4)+ (Bx+C)(x—4)

20 = 20A
A=1
0=4-4C
Cc=1

10
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J

x2+x

x—4)(x2+4)

2=5A+(B+C)(-3)
B=0

J‘2 1 1
X = (—+ )dx
S\x—4 x2+4

1 2
= [ln |x — 4|+ 5 tan~! g],z

=In(2)~In(6) + 3 tan™" 1~ L tan™ (-1)

TC
= -In3+—
Il-f—4

11
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Differentiation
Example
2
~3x-2
Write SxTodxm2 as partial fractions and hence differentiate it.
(x=1)(x-2)
3x2-3x-2  3(x—1)(x-2)+6x-38
-Dx-2) " x-Dx-2)
6x -8
=3+ — X
(x—=1)(x—2)
S 6x—8 A R B
uppose =
PP (x-1)(x-2) x-1 x-2
= 6x—-8=A(x-2)+B(x-1)
x=2: 4=B
x=1: -2=-A
. 3x2—3x—2_3+ 2 4
(x—1)(x-2) x-1 x-2
. d (3x?-3x-2) d(3+ 2 4 )
dx\(x-1)(x-2)) dx x—-1 x-2
2 4
_O_ o
(x-1)7  (x-2)?
Example
4
Split m into partial fractions and hence differentiate it
x4 14 A N B +Cx+D
(x2+4)(x—-2)2 x-2 (x-2)2 x2+4
= = (P +4)(x—2)2 + A(x—2)(x* + 4) + B(x> + 4) + (Cx + D)(x — 2)?
x=2 16 =8B
= B=2
x=0: 0=16-8A+4B+4D
= 2A-D =6
x=1 1=5-5A+5B+C+D
= 5A-C-D=14
x=-1 1=45-15A+5B+9(C-D)
= 15A-9C+9D =54

A,B,C,D=3,21,0

= i—x‘l —il+3+2+x
dx\(x2+4)(x-2)2] dx x—=2 (x=2)2 x2+4

12
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Binomial Expansion

Example

Find the Binomial expansion of

-4
% up to and including the term in x?
x x

=
x=-2:
=
x=0:
=
x=1:
=

=

5x -4 A Bx+C

= +
(x+2)(x2+3) x+2 x2+3
5x—4=A(x*>+3)+(Bx+C)(x+2)

-14=7A
A==-2
-4=-6+2C
C=1
1=(-2)4)+(B+1)3
B=2
5x—-4 -2 2x+1
(x+2)(x2+3) Tx+2 %243
-1 2x+1

- T 1
l+§x 3(1+§X2)
=-1(1+3x) 7t + 2x+ 1) (1 + 1x?)7!

=-1(1-4x+(1x)? +- )+ 22x+1)(1 -

— 1, 1,2, 1 1.2 2
= 1+2x IXT+3-—gx +35x+
- 2,7, 13,2 .

=-3tgX 36X *

14

1,2

3x —+ ..



